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§1. Introduction 



One of the most surprising aspects of the black holes is that the semi-classical analysis 
shows that they behave as thermodynamic systems. ^^'^^ This begged a natural question how 
to account for their entropy in terms of statistical mechanics. One important breakthrough 
is the observation by Brown and Henneaux^^ that the asymptotic symmetries of the three- 
dimensional anti-de Sitter space (AdSa) consist of two copies of the Virasoro algebra with 
finite central charge, which is the symmetry group of the two-dimensional conformal field 
theories (CFTs) . Prom the modern point of view, this was one of the earhest manifestations of 
the AdS/CFT correspondence,^^ which relates the physics of the bulk AdS and the boundary 
CFT. Strominger then showed^^ that the entropy of the three-dimensional black holes found 
by Baiiados-Teitelboim-Zanneli^^ can be obtained by applying the Cardy formula to this 
two-dimensional CFT.*) 

Last year this approach was generalized to four-dimensional (4d) Kerr black holes by 
Guica, Hartman, Song and Strominger,^) who found that the near-horizon geometry of the 
extremal Kerr black holes has one copy of a Virasoro algebra as its asymptotic symmetry 
under a judicious choice of the boundary condition on the fall-off of the metric. The central 
charge was calculated using the formahsm^^)"^^) which covariantizes the calculation done by 
Brown and Henneaux.^) Combined with the Frolov-Thorne temperature^^) associated to 
the rotation, the entropy of the extremal Kerr black holes was correctly reproduced. This 
observation ignited a flurry of activities to generalize the idea to other types of extremal 
black holes of various gravity theories with matter fields in various dimensions. ^^)"^^) These 
works showed that what was crucial was the extremality and the SL{2,W) x C/(l) symmetry 
of the background. Currently we only know the central charge of the putative dual CFT; 
firmer understanding of this dual CFT would lead us to what could be called the extremal 
black hole/CFT correspondence. 

In these preceding works, the analyses were done for the Einstein-Hilbert action with 
and without matter fields. However, when we regard the gravity theory as the low-energy 
effective theory of its ultraviolet completion such as string theory, it is expected that the 
Lagrangian contains Planck-suppressed higher-derivative correction terms of the metric and 
other fields. They replace the Bekenstein-Hawking entropy formula 



by the lyer-Wald entropy formula^^)'^^)'^'^) (the notation will be explained in detail in the 




(1-1) 



Subsequently it was argued'')'*^ that the Virasoro symmetry can be found in any black hole horizons 
and that it reproduces the entropy correctly via the Cardy formula. 
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next section) 

o~- r XCOV T 

S^-^ j:^ea,e^wo\{E). (1-2) 

Our objective in this paper is then to show that this lyer-Wald entropy for the extremal 
rotating black holes can be correctly reproduced by evaluating the central charge of the 
asymptotic Virasoro algebra in the presence of the higher-derivative corrections.*^ To sim- 
plify the calculation we introduce a tower of auxiliary fields so that the Lagrangian does 
not contain exphcit derivatives higher than the second. We will see that the use of the 
symplectic structure and asymptotic charges advocated by Barnich, Brandt and one of the 
authors^^^"^^^ is crucial in obtaining the agreement**^ For concreteness we work with arbi- 
trary diffeomorphism-invariant four-dimensional Lagrangian whose only dynamical field is 
the metric, but the method we will employ is general enough to be applied to any sensible 
Lagrangian. We expect that the analysis would also work for higher dimensional cases, by 
reducing the geometry to the four-dimensional one which we deal with in this paper; we ex- 
pect that the Kaluza-Klein fields would not contribute to the central charge, since the 
gauge fields and scalar fields was shown not to contribute in the case of Einstein gravity. '^^^ 
The structure of our paper is as follows: we start by recaUing how the extremal black 
hole/CFT correspondence works in the absence of higher-derivative corrections in Sec. 2. We 
then review in Sec. 3 the method to determine the form of the asymptotic charges starting 
from the Lagrangian. We then apply it in Sec. 4 to the Lagrangian with higher-derivative 
corrections constructed from the metric. The resulting asymptotic charges will be evaluated 
on the extremal black hole background in Sec. 5, and we will see that the central charge 
perfectly reproduces the lyer-Wald entropy. We will conclude with a short discussion in 
Sec. 6. 

There are a few appendices: App. A checks the integrability of the asymptotic charges 
for the Lagrangian with the Gauss-Bonnet term and the finiteness of the Virasoro charges 
for a generic Lagrangian. In App. B we argue that the Prolov-Thorne temperature is not 
corrected in the presence of the higher-derivative terms. App. C collects the formulae we 
use in the variational calculus. App. D details the constraint imposed on the tensors by the 

The higher-derivative contribution to the central charge of the asymptotic Virasoro algebra of AdSs 
was studied in 35), 36). The former treated the diffeomorphism-invariant Lagrangian density, but used the 
field redefinition specific to three dimensions which rewrites arbitrary such Lagrangians to the Einstein- 
Hilbcrt term with scalar fields with higher-derivative interactions. The latter paper dealt the topologically 
massive gravity^^^ in the canonical ADM formalism, more directly following the approach taken by Brown- 
Henneaux.^^ It would be instructive to redo their analyses using the covariant phase space method. 

**^ The relationship between cohomological methods-^^-*"^^-* and the closely related covariant methods 
based on the linear equations of motion^^)"'*") and covariant symplectic methods in first order theories"^^^''*^^ 
are detailed in 16). 
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isometry of the near-horizon region of the extremal black hole. 



§2. Review of the extremal black hole/CFT correspondence 



Let us start by reviewing how the calculation of the entropy of extremal black holes works 
in terms of the asymptotic Virasoro symmetry .^^ We will point out during the way which 
part needs to be modified in the presence of the higher-derivative terms in the Lagrangian. 
The overall presentation in this section will follow largely the one given in 23), 31). 

The extremal black hole is defined as the one whose inner and outer horizons coincide. 
It implies the existence of the scaling symmetry in the near horizon region, which is al- 
ways automatically enhanced to the 5'L(2,]R) symmetry as shown in 43). We can choose a 
coordinate system such that the near-horizon metric is given by 



ds^ = A{ef 



+ de^ + B{9f{d^ + krdtf 



(2-1) 



Here (p is an angular variable which takes values in < </? < 27r. The constant k and the 
functions A{9), B{6) are determined by solving the equations of motion, or using the entropy 
function formalism.^^^'^^^ As shown in 43), this form is valid even in the presence of higher- 
derivative corrections in the Lagrangian provided that the black hole is big, in the technical 
sense that the curvature at the horizon remains finite in the limit where the higher-derivative 
corrections vanish. 

This metric has the symmetry 5'L(2, M) x U{1) generated by 



f I k 

Ci = dt, C2 = tdt -rdr, ^3 = ( ^ + ^ ) 9t - trdr - -d^, Co = d, 

It is also invariant under the discrete symmetry which maps 

{t,ip) {-t,-ip). 

This is often called the t-cp reflection symmetry in the black hole literature. 
Following the argument in 9) we impose the boundary condition 



(2-2) 



(2-3) 



5gtr 


= 0(r-2) 


Sgte 


= O(r-i) 


Sgt<p = 


0{l) 


6grr 


= 0(r-3) 


Sgre 


= 0(r-2) 


6gr^ = 


0{r- 






Sgee 


= O(r-i) 


^ge^ = 


0{r- 










5g>fif = 


0{1) 



\ 

on the metric, which is preserved by the vector fields 

Cn = -e-'"^(a^ + mra,). 



(2-4) 



(2-5) 
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whose commutation relations are 



Aim, in] = (m - n)im+n- (2-6) 

Here m and n are integers. 

It is easy to check that they indeed preserve the boundary condition above, using the 
vierbein 

e^^A{e)rdt, e^^A{e)dr/r, ^ dO, e'^ ^ B{e){dip + krdt), (2-7) 

and their variation under 

= -e-'^^^ine^ = e'^^^n^ - ke^ + ^e'^) , (2-8) 

/ 2kB - \ 

£^y = 0, £^y = zne— ^ ( - -^e* + e^j . (2-9) 

Here £^ denotes the Lie derivative by the vector field ^. Components in the vierbein basis 
will be distinguished by hats on the indices in what follows. 

We can always associate the charge to the asymptotic isometry ^ at least formally. 
Whether it is well-defined depends on the boundary conditions. The charges corre- 
sponding to the Virasoro symmetries are finite in general as shown in Appendix A. The 
boundary conditions (2-4) are also preserved by dt- As a part of the boundary conditions, we 
impose the Dirac constraint Hg^ — 0. We showed in Appendix A that at least for Einstein 
gravity coupled to Gauss- Bonnet gravity the charges are integrable around the background 
but we do not have a proof of integrability around other solutions obeying the boundary 
conditions or for other Lagrangians. We assume that integrability holds in what follows 
which can always be achieved using, if necessary, supplementary constraints. The charges 
Hn then form a representation of the algebra (2-5) and they are conserved because their 
Dirac bracket with Hg^ is zero and ^„ is time-independent. 

The crucial observation^^ was that, just as in the case of AdS^,^^ the Dirac bracket among 
the charges acquires the central extension 

i{H^, Hn} = (m - n)H^+ri + —m{m'^ + a)6m-n, (2-10) 

which is the Virasoro algebra with central charge c.*^ 

When the Lagrangian is given purely by the Einstein-Hilbert term 



16nG 



^ J d^x^gR, (2-11) 



*^ Here a corresponds to a trivial cocycle and can be absorbed to a redefinition of _ffo- One can determine 
a natural definition of the angular momentum Hq = Hg^ by performing such change so that a becomes the 
standard —1, but we do not pursue this direction in this paper. 
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the charges is given by the formula 

5H^= / k^[5g-gl (2-12) 



E 



where E is the sphere at the spatial infinity, and 
1 

327r(jjv 



+ \59\y''C - Sg'^'VeC + ^^^''(V^Ce + VeC^)] dx^ A rfx''. (2-13) 
Then the central term is given by 

^m{m^ + a)Sm,-n ^ ^ J^'^^rn [^^n9; 9] , (2-14) 

and explicit evaluation shows 

' = 9^ I d(^d^B{e) = / vol(r), (2-15) 

where vol(Z') = B{9)d9 A dtp is the natural volume form on the surface E. Using the corre- 
spondence principle mapping Dirac brackets {. , .} to commutators , •], the dimensionless 
operators corresponding to \Hm then obey a Virasoro algebra with central charge 



Yo\{E). (2-16) 



h 27rGjv^Jj; 

A non-extremal black hole is in the ensemble weighted by the Boltzmann factor 

e^v{-^{H-nHJ)). (2-17) 

In the extremal limit, it becomes 



^^p(-7^"^)' (2-18) 
where the Prolov-Thorne temperature 7ft is given by 



where k is the constant appearing in the metric (2-1). Notice that unlike the Bekenstein- 
Hawking temperature, no factor of h appears in this temperature. 

Noticing that J is the Hq in the Virasoro algebra, one can apply the Cardy formula 

5=|lcr. (2.20) 
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where T is the temperature of the CFT, to obtain the entropy 



AGnH 



1 




vol(r). 



(2-21) 



Now we can move the surface to a finite value of r without changing the integral, thanks 
to the scaling symmetry C,2- Then E can be identified with the horizon cross section of the 
extremal black hole. 

Remarkably this expression (2-21) exactly reproduces the Bekenstein-Hawking entropy 
including the coefficient, which states that the entropy is proportional to the area of the 
horizon. This original observation on the four-dimensional extremal Kerr black hole was 
soon extended to other extremal black holes for various theories in various dimensions. 

If we think of the Lagrangian of the gravity theory as that of the low-energy effec- 
tive theory of string or M-theory which is a consistent ultraviolet completion of gravity, it 
is expected that the Einstein-Hilbert Lagrangian (2-11) will have many types of Planck- 
suppressed higher-derivative corrections, and the total Lagrangian is given by 



where / is a complicated function. The higher-derivative terms correct the black hole entropy 
in two ways: one by modifying the solution through the change in the equations of motion, 
the other by correcting the Bekenstein-Hawking area formula (2-21) to the lyer-Wald entropy 
formula 



Here E is the horizon cross section, and e^b is the binormal to the horizon, i.e. the standard 
volume element of the normal bundle to E. 5^°^ / SRabcd is the covariant Euler- Lagrange 
derivative of the Riemann tensor defined as 



Naively, this is obtained by varying the Lagrangian with respect to the Riemann tensor as 
if it were an independent field. 

Our aim in this paper is to show that the lyer-Wald formula is reproduced from the 
consideration of the central charge of the boundary Virasoro algebra. In order to carry it 
out, we first need to know how the asymptotic charge (2-13) gets modified by the higher- 
derivative corrections. Therefore we now have to reacquaint ourselves how the asymptotic 
charges and the central charge in their commutation relations are determined for a given 
Lagrangian. 




(2-22) 




(2-23) 




(2-24) 
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§3. Formalism 



3.1. The covariant phase space 

Let us begin by recalling how to construct the covariant phase space. We denote the 
spacetime dimension by n. The input is the Lagrangian n-form L = -kL which is a local 
functional of fields 0*. Here (jf stands for all the fields, including the metric, -k is the Hodge 
star operation, and L is the Lagrangian density in the usual sense. The equation of motion 
(EOM)j for the field 0* is determined by taking the variation of L and using the partial 
integration: 

5L = (EOM)i50^ + d0. (3-1) 

Here and in the following, we think of 50* as a one- form on the space of field configura- 
tion, just as the proper mathematical way to think of dx^^ is not just as an infinitesimal 
displacement but as a one-form on the spacetime. 

The equation above does not fix the ambiguity of of the form 0^0 + dY. We fix it 
by defining hy — —Ig^L, where the homotopy operator 1^^ is defined in Appendix C.*^ 
The symplectic structure of the configuration space, as defined in Lee-Wald,^*^) is then given 
by the integral of 

uj^^ = S0 (3-2) 

over the Cauchy surface C, 

/2^^[5i0,520;0]= / u;^^[5i0,520;0]. (3-3) 
Jc 

One particularity of this construction is the non-invariance under the change of the 
Lagrangian by a total derivative term L —> L + dC which does not change the equations of 
motion. This induces the change 

^LW ^ ^LW ^ ^^^^ (3.4) 

where u)c — Slg^^C is determined by the boundary term £,. When the spatial directions 
are closed, or the asymptotic fall-off of the fields is sufficiently fast, this boundary term does 
not contribute to the symplectic structure, but we need to be more careful in our situation 
where the boundary conditions (2-4) allow 0{1) change with respect to the leading term. It 
was advocated in 15), 16) based on the cohomological results of 14) to replace the definition 



*■* The definition for is precisely the minus the definition given in (2.12) of Lee-Wald.i°) Our minus 
sign comes from the convention {d, 6} = 0, see Appendix C. 
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(3-2) by the so-called invariant symplectic structure*-* 

-'~=-i/|',(*^'^), (3-5) 

which depends only on the equations of motion of the Lagrangian. This symplectic structure 
differs from the Lee-Wald symplectic structure (3-2) by a specific boundary term E 

where E is given by 

E = (3-7) 

3.2. The Noether charge 

Now suppose the Lagrangian is diffeomorphism invariant: 

5^L^ £^L^d{^jL), (3-8) 

where ^ is a vector field which generates an infinitesimal diffeomorphism and £^ is the Lie 
derivative with respect to ^. The corresponding Noether current is 

j^^-0[£^^;cP]-^^L. (3-9) 

Here ^ j stands for the interior product of a vector to a differential form, and 

G[£^<P; 0] = (£^0— + da£^(f>^ + • • • ) J 6>, (3-10) 

that is, (f) + e£^(f) defines a vector field on the configuration space of and its derivatives 
00, . . . , and we contract this vector field to the one-forms 50, 50,a inside 0, see Appendix 
C for more details. 

Using the Noether identities, one can write 

dj^ = -^^£^<l>'^dS^, (3-11) 

where is the on-shell vanishing Noether current. Since — is off-shell closed and thus 
exact, there is a (n — 2)-form such that 

= dQ^ (3-12) 



This definition corresponds to the one advocated in 42) in first order theories. In general, boundary 
terms should be added to the action to make it a well-defined variational principle. As argued in 46), if 
these boundary terms contain derivatives of the fields, they will contribute in general to a boundary term in 
the symplectic structure. Wc will not look at these additional contributions here. Our result indicates that 
these boundary terms, if any, do not contribute to the Virasoro central charge. 
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on shell. This object is the Noether charge as defined by Wald/^^ which when integrated 
over the bifurcate horizon gives the lyer-Wald entropy. This is closely related to the charge 
which generates the action of the diffeomorphism ^ on the covariant phase space. By 
definition, the Hamiltonian which generates the fiow 0* — > 0* + e5^0* needs to satisfy 



Now let us define 



Then one can show 



50; 0] = 5//^. (3-13) 

kl'^[64>;4>] = SQ^-i^0- (3-14) 



u:^^[d^(f>, S(f); 0] = dkl^[5(f); 0], (3-15) 

when (f) solves the equations of motion and 50 solves the linearized equations of motion 
around 0. Integrating over the Cauchy surface, we have 

n'^^iS^cP, 6<j>; 0] = ^ ki'^iScj); 0], (3-16) 



where dC — E. Therefore we have 



5Hl'^ = j kf, (3-17) 



when such exists. The Hamiltonian is defined as 

r / ki'^i^^-A]. (3-18) 

Jcj, J E 

where the first integration is performed in configuration space between the reference solution 
(f) and 0. For this definition to be independent of the path in the configuration space, the 
integrability conditions 

j 5kl^ (3-19) 

need to be obeyed, see Appendix A for an analysis in Gauss-Bonnet gravity. 
When one chooses w*"^ instead as the symplectic form, one finds 

w^'^^i^^^, 50; 0] = dfcf "[50; 0], (3-20) 

where 

fcf "[50; 0] = fe|^[50; 0] - E[5^ct>, 5<f>; 0]. (3-21) 

We can finally write down the formula for the representation of the asymptotic symmetry 
algebra by a Dirac bracket:^'^-''^^)'^'''^ 

5^H^ = {H^, H^} = %,^] + ^ fcc[5e0; 0], (3-22) 
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which is vahd on-shell when the conditions of integrabihty of the charges as well as the 
cocycle condition 5E = are obeyed. 

Therefore, our task is to obtain the formula for fc^^'*™ for a general class of theories, and 
to evaluate the central charge given by (3-22). Before proceeding, let us recall that the form 
(2-13) for the asymptotic charge of the Einstein- Hilbert theory corresponds to fc*™; the last 
term in (2-13) comes from E*\ 

3.3. The central term 

Iyer and Wald^^^ showed that has the form**) 

Q^ = W,C + X^V^%''\ (3-23) 

where Wc and Xcd are (n— 2)-forms with extra indices c and (c, d) respectively, both covariant 
tensors constructed from 0. Moreover 

{^cd)c3-Cn — ~^abcz-c„Z'^ cd-i (3-24) 

where Z"'^'^'^ is defined by the relation 

5L = *Z«^^'^5i?„feed + • • • , (3-25) 

which is obtained by taking the functional derivative of L with respect to the Riemann tensor 
Rahcd ^ if it were an independent field: 

rcOV T 

r^ahcd ^ ^ _ ^3.26) 

^Rahcd 

Let us now massage the central term into a more tractable form: 

/ fcf'^[i:^0;0]= / [5^Q^ + C^0{£ict)-M (3-27) 

J S J E 

^ Jj5^Q^-Cj(dQ^ + ^jL)] (3-28) 
= / [{S^ - £^)Qc + {£^Qc - £cQd -CA^L]- (3-29) 

J E 



*^ In the case of Einstein gravity, one can show using the Unearized constraint equations described in 
the Appendix A of 9) that the components of E[5ig,52g\g] tangent to S vanish at the boundary r ^ oo 
around the background g when we take it to be the near horizon of the extremal Kerr black hole. There 
is therefore no distinction between the on-shell invariant symplectic structure/charges and the lyer-Wald 
symplectic structure/charges for Einstein gravity around g. 

The ambiguities in described in 12) can be entirely fixed by defining = = 
—l^~^0[£^(f>; (/)], see Appendix C for definitions. The Noether charge for a general diffeomorphism invariant 
theory of gravity derived in Sec. 4 will then precisely have this form. 
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In the last equality we used the fact £q = dC, j +C, j d. Now the antisymmetry in C, and ^ is 
manifest except the first term in the last line. So let us deal with it. 
We have the relations 

5^Qc = £i{We)C + £^{X^)VH'^ + X^5^{VH'^), (3-30) 
£^Q^ = A(We)C + W,[C, C]^ + £i{X,ci)VH'^ + Xerf£5(V[%^l). (3-31) 

We also know*) 

£^{VH'^) = ^^IVI^C'') + V^ie, C]'^- (3-32) 

Thus we have 

{5^ - £^)Qc = - W,[C, C]'^ - X,,V[^[e, C]'^ = Q[c,€], (3-33) 

so that 

/ kl'^[£^cl>; 4>]= j [Q[c,ei - {£cQ^ - £M -C^^^L]. (3-34) 
Now the antisymmetry in ^ and C is manifest. Using (3-21), one finds 

/ / [Q^^,^^-{£^Q^-£^Q^)-C^i^L-E[5^4^,5^4>-^. (3-35) 

J E J E 

The first term on the right-hand side is a trivial cocycle since it can be absorbed into a shift 
of the Hamiltonian i?^^^ in (3-22). 

§4. Explicit form of charges for higher-derivative Lagrangian 

Our aim is to evaluate the central term reviewed in the last section on the extremal 
black hole background. We first need to have an explicit form of 6>, and E for the 
higher-derivative Lagrangian, which we will carry out in this section. 

4.1. Lagrangians without derivatives of Riemann tensor 
Let us first consider a Lagrangian of the form 

L = -kf{gab,Rabcd), (4-1) 

where / does not contain explicit derivatives. One can rewrite it as 

L [f{gab, ^abcd) + Z"''"^'^ {Rabcd — ^abcd)] , (4-2) 

*^ This equation means that the covariant derivative of a vector ( transforms as a tensor under the 
diffeomorphism generated by ^, if the metric and the vector are both transformed by the diffeomorphism 
generated by ^. The first and the second term on the right hand side are the changes induced by the metric 
and by the vector, respectively. 
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where M.abcd and Z"'^'^'^ are auxiliary fields. Indeed, the variation of M.abcd gives 

{gab: 



Yabcd _ 9f{gab,^abcd) t A '3\ 

^ - — ' y^'"^) 



on-shell, while the variation of Z"^'^ gives 

Rahcd — '^ahcd- (4-4) 

Therefore the Lagrangians (4-1) and (4-2) are equivalent. 

Now that the Lagrangian does not have derivatives higher than the second derivative of 
gab contained in the Riemann tensor, so the calculation of Q etc. is quite straightforward, 
and we have 

0„,...„„ = -2{Z^''^''^ Mbc - {VaZ'''"''')5gbc)e„^, (4-5) 

and 

(Q«)C3C4...C„ = {-Z'^^'^Vcid - '^icVdZ''"^)eabc,C,-Cr.. (4-6) 

Comparing with (3-23), we see that 

(W^1c3...c„ = -iVaZ^'^'eabc-c^ = 2{VaX^\,...^. (4-7) 
The E is obtained from the homotopy as argued above, and is 

Ea,-ar. = \{-^-Z'^'''%e' A 5g,d + IZ'^'^'Sg^ A 5g\)eabas-ar.. (4-8) 

Here we notice that there is no term involving 5Z. 

4.2. Lagrangians with derivatives of Riemann tensor 

Generalization to Lagrangians with derivatives of Riemann tensor is also straightforward. 
Take the Lagrangian 

— *f{9ab, Rabcd, ^ eiRabcd, ^ {ei^ e2)Rabcd, ■ ■ ■ , ^ {ei ■ ■ ■ ^ek)^abcd), (4-9) 

depending up to fc-th derivatives of the Riemann tensor. This is the most general diffeomorphism- 
invariant Lagrangian density constructed from the metric as was shown in 12). For example, 
any antisymmetric part of the covariant derivatives can be rewritten using the Riemann ten- 
sor with fewer number of derivatives. As noted by lyer-Wald^^^ and Anderson-Torre,^^) the 
tensors V(ei • • • Vg^) -Rabcd cannot be specified independently at a point because of difTerential 
identities satisfied by the curvature. The form of the Lagrangian is therefore not unique and 
has to be further specified. We assume in what follows that such a choice has been made. 
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Now, one can introduce auxiliary fields and rewrite it as 

^abcd-i ^ahcd\ei-i ■ ■ ■ ■> ^abcd\ei...ek) ^ {Robed ^abed) 
-\-Z°'^'^^^^iy ei^abed — ^abed\ei) + -^"^"^'^^^^ ( V(e2Kafecd|ei) " IKo6cd|eie2) 
+ • • • + ^"'^''^^••"HVce.M^,,,!,,,,,,.,) - R.Mei...eJ]- (4-10) 

Here, the auxiliary fields ^abcd\ei...es ^^^d ^«'"=d|ei...es for 1 < s < A; are totally symmetric in 
the indices ei . . . and the symmetrization in terms of the form V(e^Ra6cd|ei...es-i) is among 
the ti indices only. Notice that / does not contain explicit derivatives of the fields and that 
the only term with two derivatives is the one containing the Riemann tensor. 
The equations of motion for ^abed\ei...es ^"^^ z'^cd\e-i...es y-Q^j^ ^s 

'^abcd\ei...es = V(e,Ma6ccZ|ei ...e,_i) , (4-11) 

Of 

— V7 '7abed\ei...es+i (AA')\ 

0^abcd\ei...es 

where for s = and s = k, there is no derivative term in the right-hand side of the second 
expression. These equations can be solved iteratively. One obtains in particular, 

^abed\ei...es = ^ (ei " " " ^es)Rabcd, (4"13) 
bed 

Z"' — figab, Rabed, eiRabed, ' ' (4-14) 

O^abed 

where the covariant Euler-Lagrange derivative of the Riemann tensor was defined in (2-24). 
Therefore, the Lagrangian (4-10) is equivalent to (4-9). 

The conserved charges for the Lagrangian (4-10) are simply the sum of the conserved 
charges for the Lagrangian (4-2) with the on-shell condition (4-14) in place of (4-3) plus the 
conserved charges for the new terms with 1 < s < A; given by 

Since the Lagrangian L^'^^ is only of first order in the derivatives of the fields, the correction 
terms to will contain no derivative. The full term is therefore given in (4-5) where 
^abcd (4-14) plus k terms 0^'^^[6(f); cp] that we will compute soon. Since the E term is 
obtained by a contracting homotopy Ig^^ acting on the derivatives of the fields in 0, there 
is no contribution to E and (4-8) is the final expression. Finally, the Noether charge will 
contain only correction terms proportional to ^, so we have contributions only to Wc (4-7). 
Thus we conclude that Xcd is indeed given by (3-24) as proven in 12). 

The outcome of this discussion is that we only have to compute the correction terms 
0^'^5(p; 0], Wi'^ for each 1 < s < A; coming from the Lagrangian (4-15). Application of the 
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homotopy operators then yields the results 



-^'''="'=^-"^-^"<^RfeMei...e.-i)eaa....a„, (4-16) 

and 

+ ^"''^""•••^^-^'K'Me,...e._. + ^^''"^'"•••^^-^'"IR^wf e....e._Jea6c3C4...c„. (4-17) 

§5. Central charge of the asymptotic Virasoro algebra 

Now we are finally in the position to evaluate the central extension for the algebra (2-6) 
of the vector fields (2-5) on the background (2-1). The central term (3-35) is easily shown 
to be a cocycle. Indeed, since the expression is manifestly anti-symmetric, it contains only 
odd powers of n. Moreover, because each Lie derivative can only generate two powers of n, 
the expression is at most quartic in n. There can therefore only be terms proportional to n 
and n^. 

To determine the central charge, it is sufficient to obtain the term proportional to in 
it. Since = 2n^o and ^„ -i^-n -i — '^inrdr -id^ j are both only proportional to n, we 

have 

/ klY[£^_j;4>] is-- f {£^nQ(-. - £i-M Ls (5-1) 

J E J E 

^-2j^£^„Q^_^ La (5-2) 
= -2 J [x,,£^yX'-n + (i^c„X),,V[^el + £ir.W.Cn] [3 • (5-3) 

where |„3 stands for the operation of extracting the term of order n^. In the following the 
placement of the indices are very important. Since the vectors ^„ is only asymptotically 
KiUing and moreover it gives 0{1) contribution, the Lie derivative with respect to ^„ does 
not commute with the lowering/raising of the indices. 

Let us evaluate the three terms in (5-3) in turn. For simphcity, we first deal with the 
Lagrangian without the derivatives of the Riemann tensor discussed in Sec. 4.1. We come 
back to the generalization to the Lagrangian with the derivatives of the Riemann tensor later 
in Sec. 5.5. 
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5.1. The first term 

Explicit evaluation of i^^^V^^^^^ shows that the only 0{n^') contribution in the first term 
of (5-3) is in the [cd] = [if] and = [fcp] components. The integral gives terms proportional 
to Xf.^g^ oc Zfy.fy. and X.^^g^ oc respectively. Now, the tensor Zf.^ff. is zero due to the 

invariance of the metric under 5*1/(2, M) x U{1), see Appendix D for the details. Therefore 
one finds 

-2 / X,,£^y^en L3=4m^^ f Zi,t,Yo\{E)^in'k j Z„6,,e«^e^'^vol(r), (5-4) 

where vol(Z') = B{9)d6dip. The contribution of the first term to the central charge is then 

Cist term = -12k Z^.^e'^' e'"'vol{E) . (5-5) 

We show that there is no correction to the formula for the Prolov-Thorne temperature (2-19) 
in Appendix B. Then the application of the Cardy formula gives that the contribution to 
the entropy from the first term is 

'S'lstterm = -^Cigt termTFT = ^ J Zabcd^"' VOl(I^), (5-6) 

which is exactly the celebrated formula of lyer-Wald, (2-23). Therefore, our remaining task 
is to show that the rest of the terms in the central charge cancel among themselves. 

5.2. The second term 

In the following we will find it convenient to perform the Lie derivative in the vierbein 
components: Let us define C,\ for a vector C via 

£ce' = C^e^- (5-7) 

Then we have 

i£cT)aic- = C9sT,i,,„ + Cl%... + CiT^,... + ■■■. (5-8) 

i^nY j can be read off from (2-9). 
The second term of (5-3) is 

-2 / {£^„XUV^X-n = - [ {£^^XUcscyX-ndx''dx'\ (5-9) 
J s J s 

Now one might think that {£ir,X^)abcd contains the derivative of X which makes it hopeless 
to evaluate, but in fact it is not. Thanks to the SL{2, M) x ^7 (1) symmetry of the background, 
we have 

dr{X,y^ca) = MX,bied) = 0, (5-10) 
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as is shown in Appendix D. Then one finds 
After a shghtly messy calculation, one finds that 



Je 



A{9)A'{9) 



■'tftr ^tif>t<f>) tipfO B(^6) 

Here the prime in A' {9) stands for the derivative with respect to 9. 

5.3. The third term 

Let us discuss the contribution from the third term, 



(5-11) 



vol(i:). (5-12) 



-2 / {£i„W,)e-n La 



(5-13) 



To get something proportional to n"^ from the first term, wc need to provide n from C,tn 
and from £^^Wc. Thus the index c needs to be the f direction, and moreover the Lie 
derivative needs to provide From the formula of the Lie derivative in the vierbein basis 
(5-8), we find we need to have W^|^^ to use Therefore we have 



-2 jJ.£iJV,)i-n 

Now from (4-7) we have 



2 / {in)%W,^e,C-ne'e^- 



(5-14) 



f\ef — ^ ^t^rd- (5-15) 
Expanding the covariant derivative in terms of ordinary derivatives plus spin connection 
terms, one finds 



2j^£^^W,Cn L3=-2 J d9d^[AiA%Zf.,g 



A^B' 



+ 2ikB{Zi,i, + Zr^r^ - AiAA'{Zi,^^ - Zf^,^) + U {Z^^ + Z^^^) . (5-16) 



As detailed in Appendix D, the SL{2,'R) x U{1) invariance of the metric (2-1) implies 



Zf0f0 — ^iipiipi 



and also using the t-ip refiection symmetry one can show 



Zire<f ~ '^Zt<fre^ 



7 - — — 7 



(5-17) 



(5-18) 



Combining them and partially integrating once, we find 

-2 ^ £^^W, e„ La^ -2n=^ ^ d9dv [^ikB(Zt,i, - Z^^t^) + AiAAZ^.,,] . (5-19) 
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Combining with the second term (5-12), one finds 

-2 [ [(i:^„X),,V[^el + A.T^ceJ I d9d<pB{9){Zi,i,-Zi^^). (5-20) 

Note that 

^ifif ~ ^iipi<p (5-21) 

is zero for the Einstein-Hilbert Lagrangian, because 

Zabcd — ^„ ^ {gacQbd — gadgbc), (5-22) 

but it is not zero in generaL For example, it is nonzero when Zabcd contains a term pro- 
portional to Rabcd, which is the case when there is a term aRahcdR"'^^ in the Lagrangian. 
Therefore we conclude that the charge as defined by lyer-Wald, (3-14) does not reproduce 
the lyer-Wald entropy. 

5.4. The term E 

We now show the charge advocated in 14)-16), (3-21), indeed reproduces the lyer-Wald 
entropy. The difference of and fe'"'' is given by the E-ieYm. (4-8). Combining with (5-3), 
one has 

/ ie^[£^_J-A] L3= -2 / £iM_^ La - / E[£a,£^_J-4^] . (5-23) 

JE JE JE 

We can easily see that 

J^E[£a,£^_J;4>] I, (5-24) 

gives 

= 8ikn' ded^B{e){Zt,f, - Zt^t^), (5-25) 

which perfectly cancels (5-20). 
Therefore we have 



/ K7[£i-n<l>;^] L=-'^'k I Z abode"' e^'Yom. (5-26) 

J E J E 

Using the Cardy formula at the Prolov-Thorne temperature 

T..= ^, (5.27) 

we find that the central charge of the asymptotic Virasoro algebra exactly reproduces the 
lyer-Wald entropy. We conclude that the central charge of the asymptotic Virasoro symmetry 
reproduces the entropy if and only if one includes the correction terms advocated in 15), 16) 
following the definitions of 14) . 
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5.5. Lagrangians with derivatives of Riemann tensor 

Let us sec what needs to be changed when we deal with Lagrangians with derivatives of 
Riemann tensor. From the form of in (4-17) for such a Lagrangian, we see that the only 
possible change in the central charge is that Wc in (5-3) becomes 



W, = J2W^'\ (5-28) 

s 

where Wc^^ is given in (4-7) and 

= -K^tl + y^l + yl^l + ^t^S)^"^3c., (5-29) 

for s > 1, where 

^iafe = Zklcd\aei-es-i^b'"^\ei-e,.i, (5-30) 

^kab ~ ^mlcd\kaei---es-2^"'^^^'^bei--es-2- (^'^l) 

Therefore, what we need to show is that the contribution 

-2^(i:e„W-i^))e„L3. (5-32) 

in (5-3) vanishes for each s > 1. 

In the rest of this subsection we drop "and for the sake of brevity. As in Sec. 5.3, only 
the component Wr\0r contributes to the 0{n^) term, which is 

^r|er — 2 (yrttp ~ Y^ifit + ^t^r ~ ^ftr + ^tri/s ~ ^frt H ^ — (^rtip ~ ^ript)^ • (5-33) 

Now, using the SL{2, M) x U{1) invariance and the t-(p reflection as detailed in Appendix D, 
we have Y^t^ = —Ytrip, and their cyclic permutations. Also, because Ukab is symmetric in k 
and a, one has Urttp — 0. Thus we have 

Wrier = -4i;^t - (s - l)Ur^t. (5-34) 
For s = 1, we only need to show Ynpt — 0. Expanding Y, we have 

Ytifir — —'^{^teteZt0re\ip + ^tipt<fiZt,prip\ip)j (5-35) 

where we used the SL{2,M) x U{1) invariance of M^abcd and Zabcd\e- Now Zrdte\ip = Ztere\ip 
because of the symmetry of the Riemann tensor, but under the t-ip reflection we have Zrete\ip = 
—Ztere\ip as argued in Appendix D. Thus we have Zrete\ip = 0, and similarly we can show 
Zt^r^l^ = 0. We conclude = "^^r-S = 0- 
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For s > 1 we have not found a pencil-and-paper proof of the vanishing of W^|q^, but we 
implemented the symmetry properties detailed in Appendix D in Mathematica and checked 
that identically W,j:^g,^. vanishes up to s = SS.*-* Therefore we strongly believe that it van- 
ishes for all s > 1. Our conclusion is then that the central charges of the boundary Vira- 
soro symmetry correctly reproduces the lyer-Wald entropy of the black hole for arbitrary 
diffeomorphism-invariant Lagrangian constructed solely from the metric, when we use the 
asymptotic charges defined in 14)-16). 

§6. Summciry and discussion 

In this paper, we studied the Dirac bracket of the asymptotic Virasoro symmetry acting 
on the near-horizon geometry of the 4d extremal black holes in gravity theories with higher- 
derivative corrections. We first determined the explicit form of the asymptotic charges in 
the presence of higher-derivative corrections in the Lagrangian, and then used it to evaluate 
the central charge. After a laborious calculation, we found that the entropy formula of 
lyer-Wald is perfectly reproduced, once one carefully includes the boundary term in the 
asymptotic charge advocated in 14)-16). This result gives us reassurance that it is not just 
a numerical coincidence owing to the simple form of the Einstein-Hilbert Lagrangian that 
the Bekenstein- Hawking entropy and the entropy determined from the asymptotic Virasoro 
symmetry agreed in the original paper^^ and in the generalizations. In view of our findings, 
there should indeed be a Virasoro algebra acting on the microstates of the four-dimensional 
extremal black hole, which accounts for its entropy. 

If we remember that the Cardy formula is valid in the high temperature limit, then it 
is natural to ask how the corrections to the entropy from the higher-derivative terms will 
be distinguished from the corrections to the Cardy formula. For the black hole with several 
charges, for example 20), we can think the temperature TpT — l/27rA; as an independent 
parameter and take the high temperature limit with the other chosen parameters including 
the Planck length Ip fixed. Then the Cardy formula is expected to be vahd for the leading 
order in k, and it should be matched with the leading order of the lyer-Wald entropy, which 
will include many higher-derivative corrections. However, our result is too much better 
than expected: we found that the Cardy formula exactly reproduced the lyer-Wald entropy. 
Indeed, this mysterious accuracy of the Cardy formula has already been observed for the 
case without higher-derivative terms, see 5), 9). It would be interesting to investigate reason 
for it. 

*■* It took about two hours to perform this calculation on a 3GHz machine. The Mathematica file can 
be obtained upon request to Y. T. 
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There are a few straightforward but calculationally intense directions to extend our work 
presented here. Namely, in this paper we only studied asymptotic Virasoro symmetry of the 
4d extremal black holes in a theory whose only dynamical fields are the metric and its auxil- 
iary fields. Then it would be natural to try to extend it to black holes in higher dimensions, 
to theories with scalars and vectors with higher- derivative corrections, and to theories with 
gravitational Chern-Simons and Green-Schwarz terms. We leave these endeavors to daring 
individuals with plenty of time to spare. 

The most pressing issue is, unarguably, the question of the nature of the Virasoro sym- 
metry acting on the microstates, of which our work unfortunately does not have much to tell. 
For the standard AdS/CFT correspondence, the CFT on which the conformal symmetry acts 
can be thought to live on the boundary of the spacetime. Naively, one would say that in the 
case of extremal rotating black holes, this boundary CFT fives on one of the two time fines 
being the boundary of the AdSa part of the metric. For a specific example of D1-D5-P black 
holes, three of the authors showed that this Virasoro symmetry is a part of the conformal 
symmetry of the CFT on the brane system. In the usual AdS/CFT correspondence, we 
have the prescription^^^'^^^ which extract the information of the CFTs without referring to 
the string theory embedding, given the bulk gravity solution. It would be preferable if we 
have an analogue of that in the extremal black hole/CFT correspondence, and we would fike 
to come back to this question in the future. 



Note Added 



During the completion of this work, the paper 50) appeared in which it was shown that 
the formalism of 14)-16) applied to the Gauss-Bonnet theory formulated using the metric 
only cannot reproduce the lyer-Wald entropy. Here, we proved that using auxiliary fields 
to take into account the higher-derivative corrections to the Einstein-Hilbert Lagrangian, 
the formafism of 14)-16) reproduces the correct lyer-Wald entropy. One consequence of 
these two computations is that the formalism of 14)-16) is not invariant under field redefi- 
nitions. In view of the cohomological results of 14), this ambiguity can appear only in the 
asymptotic context and when certain asymptotic linearity constraints are not obeyed. It has 
been acknowledged that boundary terms in the action should be taken into account. ^^^'^^^ 
Adding supplementary terms to a well-defined variational principle amount to deforming 
the boundary conditions^^^"^^) and modifying the symplectic structure of the theory through 
its coupling to the boundary dynamics. It would be interesting to understand how these 
boundary effects would contribute in relation to the work of 50). 
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Appendix A 

Integrability and finiteness of charges 

In this appendix, we investigate the integrability and finiteness of the charges and 
f^inv f^Qf^Yied in (3-14) and (3-21). When considering general higher-derivative corrections, it 
is difficult to show the integrability systematically. This can be understood from the fact 
that we have to solve the equations of motion and this is impossible without an explicit 
expression for the Lagrangian. Therefore, in this paper, we only show the integrability for 
the case of Gauss-Bonnet gravity 

L^J—^R + aL''^), L""^ ^ RabcdR''""' - ^RabR"' + R": (A-1) 

and wc will further limit ourselves to show integrability only around the background g given 
in (2-1). In Gauss-Bonnet theory, the equations of motion arc not deformed with respect to 
those of Einstein gravity. The relevant extremal black hole geometry is thus the near-horizon 
extremal Kerr geometry which takes the form of (2-1) with 

A{9) = a^l^±^, m = asin^^l^^^, {A-2) 

where 

= A{e)de. (A-3) 

The prefactor a controls the mass and the angular momentum. 

For the Gauss-Bonnet theory, we can just follow the appendix of 9) and solve the con- 
straint condition G* = for the metric g + 6ig at leading order, where Gab is the Einstein 
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tensor and 6ig obeys the boundary condition (2-4). We get 

6^gu = r\A{ef - eB{9f)f'\t, <p) + o(r^), (A-4a) 
6^g^^^B{eff^'\t,ip) + o{l), (A-4b) 

Si9r^ = -^-^f^'^it, ^) + o(l/r). (A-4c) 

We also define /*^^) in the same way for another metric perturbation 52g. Now, we can define 
the perturbation of the auxihary field Z"-^'^'^ around g using the equations of motion as 

Z'^^^'ig + S^g] = = + g] + {{S,gf) . (A-5) 

O-tiabcd 

The integrability condition for k^[Sg;g], in an infinitesimal neighborhood of a general back- 
ground g, reads as 

/ idk^)[d^g,d2g;g] = 0, (A-6) 

where the fields Z and 5Z have been replaced by their on-shell values in terms of g and 5g. 
Equivalently, one has to show that 

(Sk^) [Sig, 62g; g] = k^[Sig; g + S2g] + k^[S2g; g] - k^[S2g; g + 5ig] - k^[6ig; g] (A-7) 

is zero for r — > oo up to boundary terms and non-linear terms in 5ig, 52g- Now, we showed 
by using Maple that 

{S^'^)[S,g,S2g;g]^0, (A-8) 

at leading order in 5ig, 52g and for r — > oo, when we require (A-4) for 5ig and S2g- Let us 
define the analogue of (A-7) for the E term by replacing Sk^ by SE[£^g] on the left-hand 
side and all occurrences of k^[Ssi;s2\ by E[£^S2,Ssi; S2] on the right-hand side. We then 
find using Maple that under the same conditions, 

{SE[£^g])[Sig,S2g;g] 

~ ^"^^ A{e) y d^^ d^^ ^ '""^ dip ^'"^ dip ^ j"^ ■ 

(A-9) 

Contrary to the case of Einstein gravity considered in 9), this does not vanish locally. How- 
ever, by partial integral for ip, we can easily show that 

J^{5E[£^g])[S,g,S2g;g]^0, (A-10) 
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and of course it leads to 

' (5fe}-)[5i^,52^;^]=0. (A-11) 



IE 

Therefore, we have shown that both of fe|^ and fe^"^ are integrable in infinitesimal neigh- 
borhood around the metric (2-1) in Gauss-Bonnet gravity. To show the integrabihty fully, 
we must consider the fluctuation around any metric satisfying the given boundary condition 
and show the integrabihty but such a proof is lacking. 

The finiteness of the charges corresponding to the Virasoro generators can be shown in 
general along the following lines. Let us consider a tensor T"''^"''^'"bib2- which is made of Qab, 
g"^, Sgab, their derivatives. In particular, (4-16), (4-17) and (4-8) satisfy this condition. 

Prom (2-1), (2-4) and (2-5), each component of this tensor behaves as T°'^°''^'"bib2... — 0{r^) 
at most, where 

I = of i in ai's) + (# of i in k's) + (# of r in a^'s) - (# of r in bi's). (A-12) 

Since and fc^™ consist of (4-16), (4-17) and (4-8), the tr and rt components of both A;|^ 
and fc^"^ behave as 0{1) at most. Therefore the corresponding charges and H^"" are 
all finite. 

Next let us consider kg^ and fc^"^, which are made of (jab, g'^'\ Sgab, their derivatives 
and dt- For some terms in kg^ ^a"^? one of t's in the upper indices has its origin in 
dt, which contribute as 0{1), instead of 0{l/r). Thus it follows that SHq^ and 6H^^'" can 
diverge from this order counting of r. This divergence is removed once we impose the Dirac 
constraint Hg^ = 0. 

Appendix B 

On the Frolov-Thorne temperature 



In this appendix we show, under a mild assumption, that k which appears in the metric 
(2-1) gives the inverse Prolov-Thorne temperature 

even in the presence of the higher-derivative terms. In other words, there is no correction to 
the Prolov-Thorne temperature from the higher-derivative terms in the Lagrangian. It is in a 
sense expected: the Hawking temperature arises from the analysis of free fields on the curved 
background, and thus depends on the metric but not on the equations of motion which the 
metric solves. The Prolov-Thorne temperature should also be encoded in the metric. 
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The fact that there is no correction to the Frolov-Thorne temperature coming from the 
matter fields has aheady been stated in 23), see their argument leading to their (2.9). Here 
we develop their argument in detail. We will make several assumptions in the course, which 
we try to make as manifest as possible. These assumptions seem natural to us; at least they 
are rather qualitative. The crucial fact is that we do not use any equation of motion, so the 
argument should apply to generic Lagrangians, even with higher-derivative terms. 

B.l. Non-extremal black hole and the temperature 

We suppose that there is a family of 4d rotating black hole solutions whose metric is 

ds^ = Qrrdr^ + QeedO^ + a{atdt — a^dtp)^ — b{btdt — b^dipY. (B-2) 

Here grr, gee,0',0't,0'<p,b,bt,b^ are all functions of r,9, the ADM mass M and the angular 
momentum J, and assume they are smooth across the horizon with respect to r, M and J. 
For Qrr, we require the smoothness of 1/grr- This ansatz is a big assumption but is rather 
qualitative, and is known to be satisfied in many examples. 

We assume that the metric asymptotes to the fiat space or to the AdS space so that 
the first law of the black hole is guaranteed. The asymptotic time translation is dt and the 
rotation is d^. 

We assume that the horizon is at r = rn which is a function of J and M. We write the 
horizon generating Killing vector as ^ = 9t + findif, where Qh is the angular velocity of the 
horizon, which appears in the first law. We assume, for generic values of M and J, 

grr^O{l/5r), br^O{Sr), a - C»(l), at - a^Hn ^ 0{6r). (B-3) 

close to the horizon, Sr = r — th- 

The temperature is given by k/{2'k), where the surface gravity 

K = \j-\g''"9'"'yaib^cid (B-4) 

is evaluated at the horizon. To evaluate it, it is convenient to use the fact 

di = Vaihdx" A dx^ (B-5) 

for a Killing vector ^. Here d^ is the exterior derivative of the one- form ^ = gij^^dx^ . We 
have 

^ = a{at - a^f2H){atdt + a^d(p) + b{bt - b^Qntibtdt -\- b^dip). (B-6) 

Once one rewrites it using the vierbein basis ^/g^dr, -s/geedO, etc., one finds that most of 
the term goes to zero r — ru because 

a{at-a^QH)-^0{8r), b{bt - b^Qn) 0{5r), (B-7) 
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and that the only term which contributes to on the horizon is 



d 

^ [b{bt - b^^H)] dr A {h^dt + d^). 



Therefore 



H 



K _ I {ht- b^Qu) 



dh 

r=rH dv 



r=rH 



2% AtT \/6 • Qrr 

B.2. k as defined by the extremal metric 

Now suppose at M = M{J) the black hole becomes extremal, i.e. 



(B- 



(B-9) 



l/grr = SryC + 

where G and B are functions of 9 only. 
We perform the coordinate change 



b = B6r^ + 



(B-10) 



5r — Xp, t — f/X, (p — (fi + Hht/X, 



(B-11) 



and take the limit A ^ 0. The metric becomes 

+g0edO'^ + {aal)\r^{^- — 

Now in Kunduri-Lucietti-Reall,''^'' it is shown that there is a constant c such that 



ds' = G'^+g0ede' + {aa^)\rJ-^^^^^ pdf+d(p)\{bt- nHb^)\,B{pdff . (B.12) 



G{9) = c\bt{9) - QHb^{9))\,B{9), (B-13) 
and there is a symmetry enhancement to 5'L(2, R). We make another change of variables 



r = CT, 



to arrive at 



where 



dp^ 

ds^ = G{9){-^ + p^dr^) + {aal)\rH{k„^pdT + d^pf, 



(B-14) 
(B-15) 

(B-16) 
(B-17) 



The subscript m emphasizes that this is k as defined by the metric. Note that the factor c 
in (B-17) is quite similar in appearance to the expression of Th, see (B-9). 



km — C 



d{at/a^ 



dr 



nbt-b^nn) 






^ d{at/a^) 




\ Vb ■ Qrr 


r=rH 2 9r2 


r=rH ) 


dr 
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B.3. Frolov-Thorne temperature as defined from the limit of the first law 
Now let us perform the limiting of the first law: we start from 

dM fdM \ 
TffdS = dM- QndJ = -^de + i —- - ] dJ, (B-18) 

oe \oJ J 

where we changed the variables from (M, J) to (e, J) where e measures the deviation from 
extremahty. Here, Th is given by k/2tx and Qh is what appears m. ^ — dt-\- f^nd^- These 
relations are known not to be corrected by the higher derivatives, etc. 
Let us assume the expansion of the form 

TH^eT'H + 0(e^), (B-19) 
M ^M(J) + eM'(J) + 0(e^), (B-20) 
f2H^f2H{J) + ef2'H{J) + 0{e^)- (B-21) 

Here ' stands for the derivative with respect to e, not to J. We substitute these expansions 
into both sides of (B-18) and compare them order by order. By considering terms at order 
e°, we obtain 

M'(J) = 0, ^HiJ) = (B-22) 

At order e^, we then find 

T'ffdS = M"{J)de - n'jjdJ, (B-23) 
which implies that at extremality, 

T^rdS{J) = dJ where T^^ = -L_ and kut^-^^^^ ■ (B-24) 

2Trkist 27r oTh / oe 



e=0 

B.4. Frolov-Thorne temperature and k 
Now let us define 

r=^""-J^">g. (B.25) 
47r ^/b ■ Qrr dr 

n = ot/a^, (B-26) 

which are functions of r, Q and e, J. They become the Hawking temperature and the 
angular velocity when evaluated dX r — r^- Then the formula for k^gt-, (B-24) can be 
rewritten as 

1 dQij- = rH)/de 



k 



1st 



2TTdT{r = rH)/de 



(B-27) 

e=0 
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whereas the formula for km, (B-17) can be rewritten as 

1 dQ{r)/dr 



27r dT{r)/dr 



r=rH 



(B-28) 



The final trick is to use rn itself as the extremality parameter e 

e = rniM, J) - r^^'^'"^\j), (B-29) 
which shows kut — km- Thus we conclude 

Appendix C 

Conventions on variational calculus 



Here we summarize our conventions used in the variational calculus. We basically follow 
the conventions in 15), 16), but change the notations to match those by the lyer-Wald school. 

We consider a spacetime M. with coordinates x", on which fields 0* and their derivatives 
. . .treated as independent fields five. 0* stands for all the fields including the metric. 
We consider differential forms which not only include dx", but also The idea is that 
the one-form dx"" is the mathematically formalized version of physicist's idea of infinitesimal 
distance on M.. The field variation can also be formahzed, as the one- forms 50*. We have 
differential forms generated by 

dx\dx',...; 5<l>\ 5(t>i,, (C-1) 

where 50*^ = daS(f)'^, etc. These all anti-commute with each other, since they are one-forms. 
A form with p (ix*'s and q (50}'s is called a (p, g)-form, where /, J stand for multi-indices. 
Correspondingly there are two operations 

di---) = dx''Ada{---), (C-2) 
^(•••)^50:.A^(---) (C-3) 

-(^^'a|,+.0:„a^+^0:„,a^+. ..)(...). (C.4) 

d is our usual total differential, and S is our usual field variation. They are called dn and 
dy respectively, in 15), 16). These two operations anti-commute, 

{d,S} = 0. (C-5) 
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For a possible symmetry operation 



+ (C.6) 

we require 

0:a^ (c-7) 

^,ab <t>:al, + ea„a,5Q0^(0^ 0^,, . . .). (C-8) 

In the jet bundle approach, one first introduces the symbols 0*^^^ etc. as formal coordinates, 

and so a general vector field on the jet bundle will not satisfy this property. That is why 
there is a need to distinguish a vector field and its prolongation in general. 
We also define the interior product to be 

dajdx''^5l daj5(t>%,^Q, (C-9) 

etc. Thus, by definition, we have 



and we define 



5Q{8ct>') = 5{5Q<f>'). (C-11) 



The definition of 9/90*^^ is 



etc. Note that this includes the symmetrization factor, e.g. d(f)^xy/d(f),xy = 1/2. 
Higher order Euler-Lagrange derivatives are 

where /, J stand for the multi-indices; more concretely, we have equations 

S d d d 

= ^ - 2d,^ + 3a,ae^| , (C-15) 

^ ^ 39,^ + 69^9,—^ . (C-16) 
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The homotopy operators are then 





I 


+ 1 


n — p + 


/ 


+ 1 



di 



6(p'A 



-(^6 JU?) 



(C-17) 



where n is the spacetime dimension and u? is a (p, Q')-form. Ig^uf is then a (p — 1, g + 1) form. 
Exphcitly, they are 



5(1)' A 



-dh J uj 



,ab 



+ 



jn—l 



1 ■ S 2 
uj = A -—da ju; + -da 

2 3 



5(f)' A 



5 



-dh-iuj 



+ 



j^da J u; - \5(l)' A d,-^da J u; + A j u: + 



(C-18) 
(C-19) 

(C-20) 
(C-21) 



In our paper, we deal with Lagrangians which contain arbitrarily high derivatives of the 
Riemann tensor, but we introduce towers of auxiliary fields so that the derivatives in the 
Lagrangian is of the second order at most. Then the formulae written above suffice. 

When dealing with conserved charges, it is convenient to add new fields ^1^, ... to the 
jet bundle. An homotopy /| mapping (p, g)-forms to {p — l,g)-forms can then be defined. 
When it acts on forms u)^ linear in the fields and only, the homotopy /| takes the form 

jp^ J_^^l^da^u:^. (C-22) 
« n-p 

Appendix D 

Consequences of the isometry 



D.l. Consequence of SL{2,W) x U{1) invariance 

Let us take a point p on the extremal background (2-1), say ai r — l,t — and at fixed 
values of the angular coordinates 6, (p. Then a one-parameter subgroup of 5'L(2,]R) x C/(l) 
fixes the point. In terms of the KiUing vectors (2-2), it is generated by 



Cp = Ci - 2(3 - 2A;Co. 



(D-l) 



As the vector fixes the point p, (p generates a Lorentz transformation on the tangent space 
Tp at that point. Studying the action of (p to the vierbeine at p given in (2-7) explicitly, one 
finds that it is just a Lorentz boost along the e*-e'' plane at p: 



(D-2) 
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It means that every tensor constructed out of the metric, scalar, etc. is invariant under 
this boost. This imposes many conditions on the components of tensors. For example, any 
vector component Tf or Tf is zero because they cannot be invariant under the boost. To 
study tensors with more indices, it is convenient to introduce = e* ± e^'. Then, tensors 
invariant under the boost need to have the same number of + and — indices. Take a two 
index tensor Tab for illustration. We immediately have 

r++ = - = 0, (D-3) 

and the only nonzero components arc T^^ and T^^. Tj^z. = i^uj: depending on the 
(anti)symmetry of T^b- Translated back to (f, i) basis, one finds 

= -T,,, Ti, = (D-4) 

for a symmetric tensor, and 

Tii^Trr^Q, Ti,^-T,i (D-5) 

for an antisymmetric tensor. 

Another example is a mixed component Z~^f,Q of a four-index tensor: it has three indices 
of f or £, which translate to three indices of + or — . Therefore this component is zero. 

Another observation is that, if one assumes the tensors T-g. to be invariant under 
5L(2,M) X then 

drT... = dtT... = d^T... = 0, (D-6) 

where T... stands for the components in the vierbein basis. To see this, we first observe 
£^e*=0 for Co,i,2 of G = 5'L(2,]R) x U{1). Now let us consider a tensor 

T ^ T,^e'e'e' (D-7) 

invariant under G. (This is only for illustration; the same holds with any number of legs.) 
Applying the Leibniz rule to £cT = into the component expansion above, one finds 

{Cird,{T,ic) = 0, (D-8) 

for i — 0,1,2. This is equivalent to (D-6). Combining (5-8) and (D-6), one finds that we 
have 

for our asymptotic Virasoro generators, i.e. derivatives of components of T do not appear. 
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D.2. Consequence oft-ip reflection invariance 

One more trick uses the discrete symmetry of the background (2-1). Note that it is 
invariant under the "t-y? reflection" in the jargon of the black hole physics, i.e. the transfor- 
mation t —t, if —ip. This inverts the time and the angular momentum simultaneously, 
so it is not so unexpected that the black hole background is invariant under the reflection. 
Now consider a two-index tensor Tab which is invariant under boost, and even/odd under 
the t-Lp reflection. It is convenient again to introduce = e*±e''. Then, of the components 
involving £ or f directions, the only invariant ones are T^^ and T^^ as argued in the last 
section. Moreover, the t-(p reflection sends — e^. One then has 

= ±r-+, (D-io) 

where ± depends on the even/odd-ness of T under the t-(p reflection. Note that this is a priori 
independent of the (anti) symmetry under the interchange of two indices of T. Converting 
to the indices f and t, this means 

Tu^-n,, Ti,^0 (D-11) 

for even T, and 

Tt,^-T,i, Tii^-T,, = (D-12) 

for odd T. 

Let us apply this consideration to a four-index tensor Zabcd with the same symmetry as 
the Riemann tensor. We consider the component Zf~§^ and related terms. The first Bianchi 
identity implies 

Zi,e^ + Zroi^ + Zeir^ = 0. (D-13) 
Using the t-ip reflection symmetry, one has 

^eifip = ~Zief<f, = -^t^re- (D-14) 

Therefore one obtains 

Zire^ = -2%,^- (D-15) 
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